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We present setups for the practical realization of adding control to unknown subroutines, sup-
plementing the existing quantum optical scheme for black-box control with a counterpart for the
quantum control of the ordering of sequences of operations. We also provide schemes to realize
either task using trapped ions. These practical circumventions of recent no-go theorems are based
on existing technologies. We argue that the possibility to add control to unknown operations in
practice is a common feature of many physical systems. Based on the proposed implementations we
discuss the apparent contradictions between theory and practice.
PACS numbers: 03.67.Lx, 42.50.-p, 37.10.Ty
I. INTRODUCTION
Recently, there has been renewed interest in the
problem of controlling unknown operations [1, 2], which
had previously been addressed in an experiment [3],
and the related problem of controlling their order [4],
within the circuit model of quantum computation (see,
e.g., Ref. [5] for an introduction). From a computational
point of view, it is desirable to equip the quantum
computer with a conditional control flow mechanism—a
generic circuit realizing an “if ” clause that takes as its
input a number of unknown gates and implements these
conditionally on the state of a control qubit—which
is ubiquitous in essentially all classical programming
languages. For instance, if an unknown unitary U is
supplied, the naive expectation is that it can be inserted
into a prefabricated circuit that is independent of U ,
which performs the operation ctrl –U . However, various
no-control theorems [1, 2] show that such a construction
is not allowed by the mathematical structure of quantum
mechanics (see Fig. 1). Similarly, given single uses of two
unknown operations, Uf and Ug, it was shown in Ref. [4]
that no generic quantum circuit exists that allows for
the deterministic control of the order, UgUf or UfUg,
of these operations. The former case, adding control to
unknown operations, may be achieved in a restricted
scenario if the control is classical [1]. Interestingly, for
sequence control even such a restriction does not resolve
the problem [4].
A theorem cannot be broken. It thus seems that a
fundamental impasse has been reached. In particular,
one may take the view that these results limit the
generally advocated superiority of quantum computers
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FIG. 1. Circuit representation of no-go theorem. As
shown in Refs. [1, 2], it is not possible to construct a quantum
circuit that deterministically realizes ctrl –U for an unknown
unitary U , by using gates A and B that are independent of U ,
even if the ancilla can undergo arbitrary transformations WU .
From bottom to top the lines denote the system, the control
qubit, and the ancilla. The mathematical meanings of the
subcircuits in the dashed boxes, while different on both sides,
are nonetheless independent of the remaining circuits.
—for instance, in their flexibility to handle black-box
algorithms [2]. However, if the underlying assumptions
are changed, this impasse can be circumvented. In spite
of the no-go theorems, it has been demonstrated [3]
that it is indeed possible to add control to a physi-
cal mechanism realizing an unknown unitary. More
specifically, given a single physical device that performs
an unknown unitary on an individual qubit, this de-
vice can be inserted into a setup that performs this
operation conditionally on the state of another qubit.
This is achieved by exploiting additional dimensions
or degrees of freedom of the physical setup with re-
spect to the mathematical framework assumed in the
theorem. An example in a quantum optical setting,
which has been discussed in Ref. [1, 3], is shown in Fig. 2.
In this paper we introduce a novel scheme using
trapped ions that allows one to add quantum control
to unknown unitaries (see Fig. 3). Having done this,
we present two setups—with trapped ions and photons,
respectively—that can realize the quantum-controlled
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FIG. 2. Quantum control of a single device. In the
scheme of Ref. [3], also discussed in Ref. [1], a single pho-
ton in the state |φ〉c |ψ 〉s, where the polarization state |φ〉c =
α |H〉c+β |V 〉c serves as the control qubit and |ψ 〉s denotes the
state of an additional degree of freedom, for instance, orbital
angular momentum, is inserted into an interferometer. The
polarizing beam splitters (PBSs) are configured to transmit
and reflect horizontal and vertical polarization, respectively.
The unknown unitary U is assumed to act only on the system
|ψ 〉s. After recombination at the second PBS the initial state
has been transformed to |χ〉cs = α |H〉c |ψ 〉s + β |V 〉c U |ψ 〉s.
switch of two operations for which we require only one
“use” of (“call” to) each unknown physical operation. We
emphasize the single “use” here, since its interpretation
constitutes the pillar of the no-go result. As we shall dis-
cuss, practically adding control to unknown unitaries or
the ordering of sequences thereof is not limited to these
implementations and can also be achieved in other se-
tups, e.g., in optical lattices [6], to name but one option.
Indeed, whenever only a restricted part of the available
Hilbert space is used in the physical realization of the
qubits, options for adding control to unknown operations
and their ordering may arise. In fact, the information
about the subspace that the operation is not acting on
leaves the leeway for adding control—the operation is not
entirely unknown.
The apparent “loopholes” provided by practical set-
tings circumventing the described no-go restrictions may
seem to question the completeness of abstract quantum
circuits. For instance, one may ask if quantum circuits
are able to sufficiently represent the practical possibili-
ties in the laboratory. Through an analysis of the struc-
ture of controlled processes and their representations we
reach the conclusion that indeed every practical setup of
quantum operations that can be realized in an experi-
ment, e.g., on an optical table or with trapped atoms,
can be represented as a quantum circuit. However, the
schematic diagrams used for the former, albeit reminis-
cent of circuit diagrams, may not abide by the rules of
the circuit model. Therefore, the correct circuit repre-
sentation of a schematic may not resemble it visually.
The practical implementations presented next will guide
us to further clarify the relation between physical real-
izations, mathematical formulations, and graphical rep-
resentations.
II. ION IMPLEMENTATION
Let us start by presenting a feasible scheme for
black-box control using trapped ions. In the simplest
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FIG. 3. Controlling unknown unitaries with ions. The
collective vibrational mode of two ions is used to create two
submanifolds of electronic energy levels within each ion. The
excitation of the vibration introduces a fixed energy shift be-
tween the qubit levels |g〉|1〉 and |e〉|1〉 on the right, with
respect to |g〉|0〉 and |e〉|0〉 on the left. The auxiliary levels
|g′〉 and |e′〉 (horizontal dashed lines) are chosen such that
the hiding pulses H1 and H2, and the σx pulses Sg and Se
have different frequencies and are off resonance with the qubit
transitions between |g〉|n〉 and |e〉|n〉 (n = 1, 2, . . .).
case two ions are confined in a linear trap in which they
are laser cooled to the ground state |0〉 of one of their
common axial vibrational modes. Two electronic lev-
els, |g〉i and |e〉i, where i = 1, 2 labels the ions, are cho-
sen to serve as the qubit levels (see Fig. 3), such that
the initial state is
(
α |g〉1 +β |e〉1
)|ψ〉2 |0〉. The unknown
unitary U is applied by a single laser pulse on ion 2 that
resonantly drives the transition between |g〉2 and |e〉2.
Conditioning U on the electronic state of the first ion
can then be achieved with the following simple steps:
(i) Using the Cirac-Zoller method [7], an appropriately
blue-detuned laser is used to swap the qubit state
from ion 1 to the common vibrational degree of free-
dom. The transition occurs exclusively from |g〉1 |0〉
to |e〉1 |1〉, such that the state is transformed from(
α |g〉1 + β |e〉1
)|ψ〉2 |0〉 to |e〉1 |ψ〉2(α |1〉+ β |0〉).
(ii) Two red-detuned hiding pulses [9], indicated by H1
and H2 in Fig. 3, on the second ion are used to trans-
fer the populations of |g〉2 |1〉 and |e〉2 |1〉 to the aux-
iliary levels |g′〉2 |0〉 and |e′〉2 |0〉, respectively, which
yields |e〉1
(
α |ψ′〉2 |1〉+ β |ψ〉2 |0〉
)
.
(iii) The pulse corresponding to the unknown unitary U
is applied to ion 2, where only the transition between
|g〉2 |0〉 and |e〉2 |0〉 is resonant, resulting in the state
|e〉1
(
α |ψ′〉2 |1〉+ β U |ψ〉2 |0〉
)
.
(iv) The hiding pulses H1 and H2 are used to reverse the
process of step (ii), such that |ψ′〉2 → |ψ〉2 .
(v) Another laser pulse on the first ion swaps the control
back from the vibrational mode, |e〉1 |1〉 → |g〉1 |0〉 ,
leaving the final state
(
α |g〉1 |ψ〉2 +β |e〉1 U |ψ〉2
) |0〉,
which completes the scheme.
All of the individual steps of our proposal can be consid-
ered to be part of the repertoire of established ion trap
laboratories (see, e.g., Refs. [8, 9]). Hence, our setup is
well within reach of state-of-the-art technology. We want
to point out two main conceptual differences between the
3optical and ionic realizations. First, our scheme with
trapped ions realizes the control qubit on a separate phys-
ical system (ion 1). This is advantageous in a scalable
computational architecture and it can also in principle
be used to straightforwardly control operations on an ar-
bitrary number of ions via additional modes of their col-
lective motion. Second, although the hiding pulses take
on the role of the beam splitters in the optical setup,
the additional degrees of freedom are not spatially delo-
calized as in a typical interferometer or in the “movable
wires,” as suggested in Ref. [4].
III. BLACK-BOX CONTROL
With these considerations in mind, let us return to the
seemingly paradox issue of explaining how control can be
added to an unknown unitary in spite of the no-go results
in Refs. [1, 2]. As pointed out in Ref. [1], the operation U
on the left-hand side of Fig. 1 acts on a subsystem Hs,
while in Fig. 2 the device also labeled U , in a slight abuse
of notation, acts on a linear subspace of Hc ⊗Hs, rather
than a subsystem (particular degree of freedom). If we
associate |H〉c and |V〉c with the eigenstates of σz, we may
write the controlled operation within the dashed box in
Fig. 2 as 1d ⊕ U , where 1d is the identity operator in
d = dim(Hs) dimensions. In essence, this simply means
that the setup in Fig. 2 indeed realizes the circuit shown
on the right-hand side of Fig. 1, despite the visual sim-
ilarity with the left-hand side of Fig. 1. The crucial ob-
servation here lies in the comparison of the dashed boxes
in both figures. The symbols in the circuit diagram have
a precise mathematical meaning—they are direct trans-
lations of mathematical expressions. In particular, the
wires in the circuit model represent fixed subsystems.
Conversely, the dashed box and the box labeled U in
the schematic diagram of Fig. 2 have no unambiguous
meaning independently of the context. The remainder of
the schematic, along with information often not repre-
sented graphically, provide this context, which is needed
to determine the mathematical representation of the de-
vice. In the case of Fig. 2 the information that one is
dealing with an optical interferometer with a single pho-
ton input is essential. The context thus consists of ad-
ditional information about the relevant Fock space and
how U acts on it. To illustrate this, consider the situation
where all equipment outside the dashed box is removed,
and one photon each is sent through the upper (u) and
lower (l) path to generate 1u ⊗ Ul. In other words, the
no-go theorem does not apply, because the “wires” in the
schematic figure are not wires in the sense of the circuit
diagram—they do not carry exactly one qubit each. For a
circuit diagram symbol, the wires extending from it form
an integral part of its meaning—they promise a particu-
lar input-output Hilbert space. For isolated symbols in
schematic diagrams this is not the case.
Nonetheless, if the requirements of the circuit diagram
are met, the no-go theorem applies. This would be the
case, e.g., if the device performing the operation U in
Fig. 2 contains an internal non-demolition photon num-
ber measurement. An interferometer setting modified
in this way projects into either |H〉c |ψ 〉s or |V〉c U |ψ 〉s.
In practice, such considerations will be of interest in
adversarial scenarios related to quantum one-time pro-
grams [10], that is, when one party grants limited access
to the use of the U -device and wants to ensure that it
is being employed according to the restrictions of the
theorem. In this case, the circumvention of the no-go
result becomes a competition between the user, exploit-
ing additional degrees of freedom of the physical imple-
mentation, and the provider, who aims to countermand
these attempts by more sophisticated devices—we refer
to these as “big brother boxes”—which detect attempts
to bypass the intended use of the device. We note that,
circumventions in such scenarios are reminiscent of so-
called side-channel attacks in quantum key distribution,
exploiting weaknesses in the physical implementation of
security protocols (see, e.g., Refs. [11–13]).
IV. THE CONTROLLED SWITCH
We now return to the second interesting no-go result
proven in Ref. [4], the controlled switch of operations (see
Fig. 4). No quantum circuit can be constructed generi-
cally to allow deterministic quantum or classical control
over the order in which unknown operations are applied,
if each operation can be called only once. If the mathe-
matical representations of the operations Uf and Ug may
only be inserted once within a sequence of operations
that do not depend on Uf and Ug, the theorem applies.
We can formally write the circuit diagram in Fig. 4 as
Cacs (Ug)sBacs (Uf )sAacs 6= Wa
(
UgUf ⊕ UfUg
)
cs
, (1)
with respect to a chosen basis of the control Hilbert
space Hc, where we have omitted the tensor product
symbols, and W is an arbitrary operation on the ancilla.
This statement is independent of the circuit model of
quantum computation. It is a statement that holds
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FIG. 4. Circuit representation of no-go theorem. If only
single uses of the unknown gates Uf and Ug are permitted,
it is not possible to deterministically realize a generic circuit,
i.e., with gates A, B, and C that act on the system and are
independent of Uf/g, which performs a controlled switch of
the operations Uf and Ug, that is, for which the order of the
operations depends on the control qubit |φ〉c (see Ref. [4]).
4within quantum mechanics, and its violation would en-
tail drastic consequences, such as the capability “to send
qubits back in time” [4].
On the other hand, we may interpret the single “use”
of the operations in the more practical sense of being
granted limited access to the physical devices implement-
ing the transformations Uf and Ug. For instance, an
external agent may send two individual laser pulses on
an ion. In a photonic setting one may also stay true to
the spirit of generic, pre-fabricated setups, by requiring
that single copies of the unknown devices are inserted,
and that hypothetical photon counters added to these
devices would never detect more than one photon.
V. IMPLEMENTING ctrl–SWITCH
Within the mentioned restrictions we now present
two practical implementations of the “movable wires”
presented in Ref. [4]. In Fig. 5 we propose a scheme
with photons that works on the same premises as the
circumvention shown in Fig. 2. A single photon is routed
through a setup of beam splitters and half-wave plates
where the devices realizing Uf and Ug feature exactly
once each. For a similar scheme with ions, on the
other hand, all necessary tools are already provided in
Fig. 3. To enact quantum control over two laser pulses
realizing Uf and Ug we follow steps (i)–(iii) as before,
where the pulse in (iii) now realizes Ug. In addition, we
use a mirror to reflect the laser pulses for Uf and Ug back
at ion 2 at convenient later times. In the next step we
apply two σx-like pulses, realizing Sg = |g〉〈g′| + |g′〉〈g|
and Se = |e〉〈e′| + |e′〉〈e| in Fig. 3, tuned to the tran-
sitions between |g〉2 and |g′〉2, as well as |e〉2 and |e′〉2,
respectively, in the subspace of the vibrational ground
state |0〉. This exchanges the states Ugψ and ψ. The
latter is now stored in the levels |g〉1 |0〉 and |e〉1 |0〉, and
the transition between them is receptive for the second
laser pulse Uf , followed by the returning pulse Ug (see
Fig. 3). Consecutively, the σx pulses are applied in time
before the reflected pulse Uf acts on the state Ugψ. We
finish with steps (iv) and (v) from the previous scheme
to obtain
(
α |g〉1 UgUf |ψ〉2 + β |e〉1 UfUg |ψ〉2
)|0〉. Sum-
marizing this protocol, the sequence of required steps
is: (i), (ii), Ug, (Sg, Se), Uf , Ug (returning), (Sg, Se),
Uf (returning), (iv), and (v). Note that, although we
assume that the pulses Uf and Ug pass through the
ion twice, as far as an external agent controlling the
pulses is concerned, we have “used” each operation only
once. Only single pulses were sent and each of them
has supplied the energy for a single electron transition.
The identification of these schemes as realizations of the
movable wires depends on the definition of the single
use of the operations. For instance, if each interaction
of the single laser pulses with the ions is counted as one
use, then our scheme may be thought of as realizing the
circuit (18) from Ref. [4], rather than the movable wires.
VI. CONCLUSION
We have supplemented the existing scheme for the con-
trol of unknown devices in optical setups [1, 3] with a fea-
sible ion trap setup based on current technology. We have
further presented extensions of both schemes to practi-
cally enable the control of the ordering of unknown op-
erations, providing the first specific implementations of
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FIG. 5. Quantum control of sequences. Our scheme enables the quantum control of the ordering in which single devices,
labeled by Uf and Ug, are applied to the system state |ψ 〉s. As before, a single photon in the state |φ〉c |ψ 〉s, where the
polarization state |φ〉c = α |H〉c + β |V 〉c serves as the control qubit and |ψ 〉s encodes an additional degree of freedom, such
as orbital angular momentum, serves as the input. The PBSs are configured to transmit and reflect horizontal and vertical
polarization, respectively. The half-wave plates (λ/2) are configured to exchange vertical and horizontal polarization, while
leaving the system state |ψ 〉s invariant. The unknown devices Uf and Ug, on the other hand, are assumed to act on the system
only. The beams are recombined at the rightmost PBS, where the final state is |ξ 〉cs = α |H〉c UgUf |ψ 〉s + β |V 〉c UfUg |ψ 〉s.
5the “movable wires” conceived in Ref. [4] to circumvent
the corresponding no-go result. Using these examples
as guidance, we have argued that similar features can,
in principle, be found in any setup with additionally
available dimensions or degrees of freedom, which can
be interpreted as generalized interferometric settings.
It is interesting to note that the typical method to
practically obtain qubits in the first place is to restrict
the available state space of the underlying physical
system to a two-dimensional subspace.
Based on this discussion it appears that the modu-
larity that is desired in certain quantum computational
tasks [2] can typically be provided in practical situations.
Nonetheless, the no-go theorems proven in Refs. [1, 2, 4],
we believe, are of great significance to adversarial set-
tings, where one party tries to deny flexible use of some
device with an unknown function. In this case the
provider of the black-box operation aims at enforcing
the restrictions of the no-go theorems. For the partic-
ular optical circumvention scheme described earlier we
have proposed that the provider may add photon number
counters to the black-box devices to achieve this. While
this prevents the specific schemes shown in Figs. 2 and 5
from functioning as intended, open questions that remain
concern the possible strategies for the provider and his or
her adversary in general. Moreover, little is known about
approximating controlled circuits probabilistically when
exact circumventions are denied [14].
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